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EVOLUTION FAMILIES AND THE LOEWNER EQUATION I: THE 

UNIT DISC 

FILIPPO BRACCI, MANUEL D. CONTRERAS, AND SANTIAGO DIAZ-MADRIGAL 

Abstract. In this paper we introduce a general version of the Loewner differential 
equation which allows us to present a new and unified treatment of both the radial 
equation introduced in 1923 by K. Loewner and the chordal equation introduced in 2000 
by O. Schramm. In particular, we prove that evolution families in the unit disc are in one 
to one correspondence with solutions to this new type of Loewner equations. Also, we 
give a Berkson-Porta type formula for non-autonomous weak holomorphic vector fields 
which generate such Loewner differential equations and study in detail geometric and 
dynamical properties of evolution families. 
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1. Introduction 

In 1923, Loewner ^7\ developed a machinery to "embed" a slit domain of the complex 
plane into a family of domains endowed with a certain order. The key idea was to represent 
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2 F. BRACCI, M. D. CONTRERAS, AND S. DIAZ-MADRIGAL 

such domains by means of a family (nowadays known as a Loewner chain) of univalent 
functions defined on the unit disc and satisfying a suitable differential equation. Such a 
machinery was then studied and extended to other types of simply connected domains by 
Kufarev in 1943 and Pommerenke in 1965 (see, e.g., [11], [20], and [24]). 

Since the original paper of Loewner, this method has shown to be extremely useful 
when dealing with many different problems, especially those having some character of 
extremality. In fact, in 1984 de Branges used (extensions of) Loewner's theory to solve 
the Bieberbach conjecture. 

The classical radial Loewner equation in the unit disc D:={CGC:|C|<l}is the 
following non-autonomous differential equation 

, , \ w = G{w, t) for almost every t G [s, oo) 

) w(s) = z 

where s G [0,+oo), G{w,t) = —wp{w,t) with the function p : D x [0, +oo) — > C mea- 
surable in t, holomorphic in z, p{0,t) = 1 for all t > and Rep{z,t) > 0. In fact 
Loewner himself studied the case when p{z, t) = ^'^yll for some continuous function 
k : [0, +CX3) -^ d3. Write 1 1— > (ps,t{z) for the solution of such a differential equation. Then 
for < s < t < +CXO the maps cps^t are holomorphic self maps of © which verify the 
following properties: 

(1) ips,s = ido, 

(2) (fs^t = ^u,t o ^s,u for all < s < u < t < +oo, 

(3) (p,^t{0) = and (^'^^{0) = e""* for all < s < n < t < +oo. 

We call such a family {fs,t) an evolution family of the unit disc (see Definition 13.11 for 
a precise definition). 

The hypotheses G{0,t) = and p{0,t) = 1, which forces the evolution family {(fs,t) 
to fix the origin and to have normalized first derivatives at 0, are strongly used in the 
construction of the family itself (mainly in proving semicompleteness and holomorphicity) 
because they allow to use distortion theorems. 

Until the end of the XX century, there were only few papers where equation (II. ip was 
studied assuming G(r, t) = for some r G 9D. We cite the pioneering works of Goryainov 
[T2] and Goryainov and Ba [T3|. After that, Schramm [25] and Lawler, Schramm and 
Werner [TB], [TB] proved the Mandelbroit conjecture using a stochastic version of this 
chordal Loewner equation. Also Bauer [2J, Marshall and Rohde [IB] and Prokhorov and 
Vasiliev [23] studied a similar chordal Loewner equation. In such a case, G{w,t) = (1 — 
wYp{w,t) where p{w,t) = . .^^^.^^ with g{w) = j^ and h : [0, +oo) -^ M continuous. 
Solutions to such an equation correspond to evolution families {fs,t) with boundary fixed 
points and are usually stated in the half plane model. 

In this paper we study general evolution families of the unit disc. Our method al- 
lows to treat at the same time evolution families with inner fixed points and with no 
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interior fixed points. In particular, we can solve (11.11) in case of boundary fixed points 
without assuming any particular form of G{z, t). More in detail, our aim is to completely 
characterize evolution families by means of a differential equation of type (11. ip . The key 
observation on which our work is based, is that in all the previous studied cases, the 
function w i— >■ G{w,t) is a semicomplete vector field for all fixed t > 0. And in fact we 
prove that all evolution families of the unit disc are in one-to-one correspondence with 
weak holomorphic vector fields which are infinitesimal generators for almost every time 
(see Section 2 for definitions). 

More precisely, we call Herglotz vector field of order d > 1 a. function G : D x [0, +oo) -^ 
C which is a weak holomorphic vector field of order c? > 1 (in the sense of Caratheodory's 
theory, see Definition 14. II) and for almost every t > has the property that z t— > G{z, t) is 
an infinitesimal generator. Also, an evolution family of the unit disc is said to be of order 
c? > 1 if \ips,u{z) — ips,t{z)\ is locally bounded by a non-negative function whose derivative 
is in L'^ (see Definition 13. ip 

Our main result is the following: 

Theorem 1.1. For any evolution family {<fs,t) of order d > 1 in the unit disc there exists 
a (essentially) unique Herglotz vector field G{z, t) of order d such that for all z ^3 

(1.2) ^^|^ = G(^,,(^),t) a.e. tG[0,+oo). 

Conversely, for any Herglotz vector field G{z, t) of order d > 1 in the unit disc there exists 
a unique evolution family {ifs,t) of order d such that (II. 2p is satisfied. 

Here essentially unique means that if H{z,t) is another Herglotz vector field which 
satisfies (II. 2p then G{-,t) = H{-,t) for almost every t G [0, +oo). 

Infinitesimal generators have been characterized in several different ways. In particular, 
in the proof of the above theorem we use a result of 0, from which it follows that 
{dpo)(^z,w){G{z,t),G{w,t)) < for all t > and z ^ w, where pd is the hyperbohc 
distance on D. This estimate allows us to avoid considering displacement of fixed points 
in order to obtain suitable bounds. In fact, a version of Theorem 11.11 holds more generally 
on complex complete hyperbolic manifolds whose Kobayashi distance is C^ (see [B]). 

In the unit disc we have a better description of Herglotz vector fields, namely, a Berkson- 
Porta type formula holds for non-autonomous vector fields which generate evolution fam- 
ilies. We say that a function p : D x [0, +cx3) ^ C is a Herglotz function of order d > 1 
if it is locally in L'' in t > 0, holomorphic in ^ G D and Rep{z,t) > for all z G D and 
t > (see Definition 14. 5p . The following representation formula holds: 

Theorem 1.2. Let G{z,t) be a Herglotz vector field of order d > 1 in the unit disc. Then 
there exist a (essentially) unique measurable function r : [0, +oo) — »• D and a Herglotz 
function p{z, t) of order d such that for all z ^ID) 



1.3) G{z,t) = {z-T{t)){T{t)z-l)p{z,t) a.e. t G [0,+oo). 
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Conversely, given a measurable function r : [0, +00) -^ © and a Herglotz function p{z, t) 
of order d>l, equation (11.31) defines a Herglotz vector field of order d. 

Here "essentially unique" means that r, p are unique up to changes on zero measure 
sets or on the set where (7 = (see Theorem 14.81 for a precise statement). 

There is thus an (essentially) one-to-one correspondence among evolution families (v^s.t) 
of order (i > 1, Herglotz vector fields G{z, t) of order d > 1, and couples {p, r) of Herglotz 
functions p{z, t) of order d and measurable functions r : [0, +cxd) — > D. In what follows 
we say that the couple {p, r) is the Berkson-Porta data for (v^s,*)- 

Going back to Loewner equations, the previous two theorems can be combined saying 
that the following differential equation 



(T A\ \ w = {w — r(t))(r(t)tf; — l)p{w, t) for a. e. t G [s, +00) 

^^^ \w{s) = z. 

has a family of solutions (v^s,*) which form an evolution family of order d > 1 provided 
p{w, t) is a Herglotz function of order d > 1 and r : [0, +cxd) — > D is a measurable function. 

We point out that equation (11.41) contains all the Loewner type equations studied so 
far in the literature, where in fact only Herglotz functions of order cxd and r = const are 
considered. In case r = const, evolution families of order d > 1 can be defined by means of 
weaker conditions, such as properties of regularity of first derivatives (see Theorem 17. 3p . 

The plan of the paper is the following. In Section 2 we collect some preliminary results 
from iteration theory and semigroups theory. In Section 3 we deal with evolution families, 
proving some results about continuity in the two parameters. In Section 4 we introduce 
Herglotz vector fields and prove that they are semicomplete (Theorem 14. 41) . Then we relate 
Herglotz vector fields with Herglotz functions (Theorem 14. 8p proving thus Theorem II. 2[ 
In Section 5 we prove Theorem 15.21 which shows that solutions of a Herglotz vector field 
form an evolution family (proving thus one part of Theorem II. ip . In Section 6 we prove 
the other part of Theorem 11.11 (see Theorem 16. 2p . With such a result at hand, moving 
from evolution families to Herglotz vector fields and Herglotz functions, we can prove 
some more regularity properties of evolution families with respect to the two parameters 
(Theorem 16.41 and Theorem 16.61) . In particular, we show that 

—{z,s,t) = -G{z,s)if',^t{z). 

In Corollary 16.31 we show that all the elements of an evolution family must be univalent 
and, in Corollary 16. 5| that Herglotz vector fields are (almost everywhere) characterized 
by their trajectories proving the essential uniqueness of the previous Theorems 11.11 and 

In the last two sections of the paper we get back to radial and chordal Loewner equa- 
tions. Namely, in Section 7 we turn our attention to the case of a common fixed point 
(either in D or 9D), proving regularity of the first derivative at the common Denjoy- Wolff 
point (see Theorem 17. ID . Finally, in Section 8 we concentrate on the case of a common 



EVOLUTION FAMILIES I: THE UNIT DISC 5 

fixed point on dB), translating our results to the right half-plane and including the previous 
cited results in our framework. 

We thank prof. Laszlo Lempert for a useful suggestion which allowed us to prove directly 
Lemma 14.71 



2. Preliminaries from iteration theory 

As usual, we use the symbol Z before a limit to denote the angular (non-tangential) limit 

either in the unit disc or in the right half-plane. For a given self-map / of D and a point 

p G 83, we say that p is a (boundary) fixed point of the function / if Z lim^^p f{z) = p. 

In general, if the angular limit q = Zlim^^p/(2;) also belongs to (9D, then the angular 

f(z) - q - 

limit Zlim^_^p exists (on the Riemann sphere C = C U {oo}) and it is different 

z — p 

from zero (see [22] )• This limit is known as the angular derivative of / at p (in the sense 
of Caratheodory) and we denote it by f'{p)- 

We will write /„ for the n-th iterate of a self-map / of D, defined inductively by /i = / 
and fn+i = / o /„, n e N. 

It can be easily deduced from the Schwarz-Pick lemma that a non-identity self-map / of 
the unit disc can have at most one fixed point in D. If such a unique fixed point in D exists, 
it is usually called the Denjoy- Wolff point. The sequence of iterates {/„} of / converges 
to it uniformly on the compact subsets of © whenever / is not a disc automorphism. 

If / has no fixed points in 3, the Denjoy- Wolff theorem (see py ) guarantees the existence 
of a unique point r on the unit circle 83 which is the attractive fixed point, that is, the 
sequence of iterates {/n} converges to r uniformly on the compact subsets of 3. Such r 
is again called the Denjoy- Wolff point of /. When r G 83 is the Denjoy- Wolff point of 
/, then /'(r) is actually real-valued and, moreover, < /'(t) < 1 (see |22j). Note that 
/ can have other (boundary) fixed points. If p G 83 is a fixed point of / different from 
the Denjoy- Wolff point then f'{p) G (1, +oo) U {oo}. As is often done in the literature, 
we classify the holomorphic self-maps of the disc into three categories according to their 
behavior near the Denjoy- Wolff point: 

(a) elliptic: the ones with a fixed point inside the disc ; 

(b) hyperbolic: the ones with the Denjoy- Wolff point r G 83 such that /'(r) < 1; 

(c) parabolic: the ones with the Denjoy- Wolff point r G 83 such that /'(t) = 1. 

The following simple and standard procedure is suitable for both hyperbolic and para- 
bolic maps. Let r be the Denjoy- Wolff point of a self-map / of D, with |r| = L The Cayley 
transform Tr{z) = ^^ maps 3 conformally onto the right half-plane M = {z : Rez > 0} 
and takes the point r to infinity. Thus, to every self-map / of D there corresponds a 
unique self-map g of H, called the conjugate map of /, such that g = T^ o f o T^^ with 

Denjoy- Wolff point at cxd in H. Namely, Zlim^^j^oo ^^ = f'{'T)~^- 
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A (one-parameter) semigroup of holomorphic functions is a continuous honiomorphism 
$ : t I— ^ $(t) = 04 from the additive semigroup of non- negative real numbers into the 
composition semigroup of holomorphic self-maps of 3. Namely, $ satisfies the following 
three conditions: 

51. 00 is the identity in D, 

52. 0i+5 = 0^ o 0^, for all t, s > 0, 

53. 4>t{z) tends to z as t tends to 0, uniformly on compact subsets of D. 

Given a semigroup $ = {(pt), it is well-known (see [H], [5]) that there exists a unique 
holomorphic function G : D — > C such that, 

G (0i(z)) = G (z) ^h}A for all 2 G © and t > 0. 



dt dz 

d(t> (z) 
To simplify the notation, we denote (f)'t{z) = — - — . In what follows, G will be called the 

vector field associated with $ or the (infinitesimal) generator of $. We warn the reader 
that, in [26], these vector fields are introduced with a different sign convention. 

There is a very nice representation, due to Berkson and Porta [3] , of those holomorphic 
functions on the disc which are infinitesimal generators. A holomorphic function G : 
D — i> C is the infinitesimal generator of a semigroup $ of holomorphic self-maps of D if 
and only if there exist r G D and a holomorphic function p : 3 ^ C with Rej9 > such 
that 

G{z) = {t~z){1-tz)p{z), zeB. 
Moreover, if G is not identically zero, then such a representation is unique. In fact, the 
point T is the D enjoy- Wolff point of all the functions of the semigroup. 

We denote by Gen(D) the set of all the infinitesimal generators of semigroups of holo- 
morphic self-maps of the unit disc. It is well-known that Gen(D) is closed in Hol(D, C) 
and a real convex cone in Hol(D, C) with vertex at (see, for example, [Ij and [26]). A 
useful example of infinitesimal generator is given hj G = ^p — \d for ip G Hol(D, D) [26], 
Corollary 3.3.1]. 

The following two facts, related to the continuity of the so-called Heins map (see P^ 
and [1]) might be known but, since we do not have a reference, we include their proofs 
here for the sake of completeness. 

Proposition 2.1. Endow Gen(D) and Hol(D, C) with the compact-open topology, and 
let denote the zero function, 0{z) = for all z G D. For all F G Gen(D), using the 
Berkson-Porta representation we write 

F{z) = (z- tf)(j^z - 1)pf{z), 2 G ©. 

Then the following two maps are continuous 

BPr : Gen(D) \ {0} -^ D, Gen(D) \ {0} 9 F h^ BP,{F) := Tp 

BPp : Gen(D) \ {0} -^ Hol(D, C), Gen(D) \{0}3 F^ BPp{F) := pp. 
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Proof. By the uniqueness of the Berkson-Porta representation, the maps BPr and BPp are 
well-defined. We only give the proof for the continuity of BP^-, because the other is almost 
identical. Let {F„} C Gen(D) \ {0} converging to F G Gen(D) \ {0}. Let r„ := 5P^(F„) 
and T := BPr{F). We need to show that r„ — > r. To this aim, it is enough to show that any 
converging subsequence of {r„} converges to r. Let {r„j.} be a subsequence converging to 
some a G D. Since {w E C : Rew > 0} is hyperbolic, the family {p„ := BPp{Fn) : n eN} 
is a normal family in Hol(D, C). The sequence {Fn} is convergent and thus, up to extract 
subsequences, we can assume that r„j, — * a and pn,. -^ p for some p G Hol(D, C) with 
Rep > 0. Therefore, for all 2; G D, 

F{z) = lim Fn^{z) = {z - a){az - l)p{z). 

fc^oo 

On the other hand, F{z) = {z — T){rz — 1)pf{z). By the uniqueness of the Berkson-Porta 
representation, we conclude that a = r as wanted. D 

Lemma 2.2. Let {Gn} be a sequence in Gen(D) such that there are two different points 
zq, zi eB) and two sequences {un} and {vn} in D with hm„ Un = zq and lim„ Vn = zi such 
that 

sup \Gn{un)\ < +00 and sup |G'n('i^n)| < +00. 

n n 

Then there exists a subsequence {Gn^} converging to an infinitesimal generator G G 

Gen(©). 

Proof. By Berkson-Porta's theorem, there are points Tn E"^ and holomorphic maps p„ : 
D ^ C, with Repn > 0, such that Gn{z) = {z — Tn){T^z — l)pn{z) for all z G ©. Since 
the sequence {r„} is bounded and {p„ : n G N} is a normal family, there exist a strictly 
increasing sequence of natural numbers {n^} and a point r G D such that r„j. -^ r and 
Puf. converges uniformly on compacta either to an holomorphic function p : D ^ C or to 
00. 

Suppose that {pn^} compactly diverges to 00. Since zq and zi are different, we may 
assume that t ^ zq. Then we have that 

+00 > sup \Gn{un)\ > lim I ^^^^(m^ J I = lim|(M„^ - r„J(7^M„j^ - 1)p„j^(m„J| 

= li^o - r){TZo - l)\\im\pn^{unj\ = +00. 

A contradiction. So (Pn^.) converges uniformly on compacta to a holomorphic function 
p : D ^ C with Rep > 0. Letting G{z) = {z - t)(tz - l)p{z), it follows then that (G„J 
converges uniformly on compacta to G and, again by Berkson-Porta's theorem, G is an 
infinitesimal generator. D 

Remark 2.3. It is worth noticing that the above lemma would not be true if we only 
assume that there is only one point Zq ElD) and one sequence (m„) in © with lim„ «„ = zq 
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such that 



sup \Gn{Un)\ < +00. 



For example, consider the sequence of infinitesimal generators given by Gn{z) 
all 2; G D {Gn is the infinitesimal generator of the semigroup ipt{z) 



-nz, for 



g-nt^A 



3. Evolution families in the unit disc 

Definition 3.1. A family {^Ps,t)o<s<t<+oD of holomorphic self-maps of the unit disc is an 
evolution family of order d with d G [1, +00] (in short, an L'^ -evolution family) if 

EFl. ifs,s = ido, 

EF2. ips,t = <^u,t o <^s,u for allO<s<-u<t< +00, 

EF3. for all 2; G D and for all T > there exists a non-negative function kz,T £ 
L'^([0, T],M) such that 



for all < s < M < t < T. 

Sometimes in the proofs, and for the sake of clearness, we will use the notation ip{z, s, t) 
instead of ips^t{z), where 2; G D and < s < t. 

Remark 3.2. Clearly, by the very definition, if {^Ps,t)o<s<t<+oo is an evolution family of 
order d then it is also an evolution family of order d' for all 1 < d' < d. 

Example 3.3. Let d > 1. Let A : [0, +00) -^ M.~^ be an absolutely continuous increasing 

function such that A G Lf„^([0, +oo),]R) but A ^ Lf„^([0, +oo),]R) for any k > d. Then 
Vs,t{z) := exp(A(s) — \{t))z is an evolution family of order d which is not of order k for 
any k > d. 

Example 3.4. Let (0() be a semigroup of holomorphic self- maps of D. Let ips,t '■= 'Pt-s 
for < s < t < +00. Then {^s,t) is an evolution family of order 00. Indeed, clearly the 
family (v^^,*) satisfies EFl and EF2. We have only have to check EF3. Fix z G D and 
T > 0. Then there is a number R such that |0^(-2)| < R for all < ^ < T. Therefore, 
there is M = M{z,T) > such that \G{^^{z))\ < M, for all < ^ < T, where G is the 
infinitesimal generator of the semigroup. Then, for all < s < -u < t < T, we have 

^*- %(^) 



\Vs,u{^) - Vs,t{^)\ < \(t>u~s{z) - (l)t-s{z)\ 



t-s 



GiM^))d^ 



< 



t 



d^ 



-di 



Mdt 



In this preliminary section we state some properties related to continuity of the evolution 
family with respect to the real parameters. Throughout the paper, we denote by po{z,w) 
the hyperbolic distance in the unit disc between two points z,w gB>. 
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Proposition 3.5. Let d > 1 and let {^Ps,t) be an evolution family of order d in the unit 
disc. The map (s, t) ^-* ips,t ^ Hol(D, C) is jointly continuous. Namely, given a compact 
set K G Bi and two sequences {s„}, {t„} in [0, +oo), with < s„ < t„, s„ -^ s, and 
tn -> t, then lim„^oo V^s„,t„ = ^s,t uniformly on K. 

Proof. Let {s„}, {t„} be two sequences in [0, +oo) with < s„ < t„, s„ — ^ s and t„ — * t. 
Since tlie set {ipu,v : < -u < f } is bounded in Hol(D, C), by Vitali's theorem, it is enough 
to show that hm„^oo V^s„,t„(-2) = Vs,t{^) for all fixed z in the unit disc. Fix a point z G D. 
In order to obtain the result, we may (and we do) assume that the sequences {s„} and 
{tn} are in one of the following three cases: 

Case I'- Sn < tn < s for all n. 

Case II: s < s„ for all n; 

Case III: Sn < s < tn for all n; 

In case I, we have that s = t. Therefore, using EF3, we take the corresponding function 
k.^te L'^([0,T],M) and 



O Sn. 



where the last limit is zero because the measure of the interval [s„, t„] tends to zero as n 
goes to oo. 

If we are in case II, then 

PB(<^s„,t„W>V^s,tW) < Pn{Vs^,tAz),Vs,u{z)) + Pli{Vs,tAz).VsAz)) 

= Pe(^S„,i„ W> Vsr.,tAVs,sAz))) + Pd(^M„ W' VsA^)) 

< po{z, Vs,sAz)) + pD{Vs,tAz), Vs,t{z))^ 

while in case III, 

Po{fs„,tAz),<^sA^)) < PD{Vs„,tAz),<^s,tAz)) + pn{Vs,t„{z),Vs,t{^)) 

= Po{Vs,t„{Vs„,s{^)), Vs,t„{z)) + Po{Vs,t„{z), <^s,t{^)) 
< po{Vs^,s{z),z) +pB{ips,t„{z),Vs,t{z))- 

Therefore, bearing in mind that ^Ps,t{^) and z belong to D, to end up the proof it 
is enough to show that the sequence {'^s,t„{z)} converges to (Ps,t{z) and {<Ps„,s{z)} (or 
{^s,s„{z)}) converges to 2; as n goes to +00. 

Let T > sup„t„. By the very definition of evolution family, there exists a non-negative 
function k,,T e L'^{[0,T],R) such that 



for all < r < M < f < T. 
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Since k^^r £ -^"'^([0,T], M), we have 

Jt "^°° 

ii s < Sn for all n, 

rSn 

\^s,sr,{z) -Z\ = \^s,sAz) - VsAz)\ < / hAOd^ ' 



5 

n— >oo 



and, if s„ < s for all n, 



|<^.„,.(2;) -z\ = I'^s^Az) - ^s„,s„{z)\ < / k.^riOd^ — ' 



D 

Lemma 3.6. Let (v?s,t) be an evolution family of order d > 1 in the unit disc ©. Then 
for each < T < +oo and < r < 1, there exists R = R{r, T) < 1 such that 

for all < s < t < T and \z\ < r. 

Proof. Suppose that the lemma is not true. Then there exist three sequences {-2„}, {s^}, 
and {tn} such that |z„| < r, z„ -^ zq, Sn,tn G [0,T], s„ < t„, s„ ^ sq, t„ ^ to, and 
\fsn,t„{zn)\ — > 1. Since the map ipsn,t„ is a contraction for the hyperbolic metric, we have 
that Po{^s„,t„{zn),'~Ps„,t,Xzo)) < PD{zn,zo) -^ 0. Then \iPs„,tn{zo)\ -^ 1. By Proposition O, 
the map t \-^ y9o,t(-Zo) is continuous. Moreover, 

Poi^O,tAzo),Vs,,,tA^o)) = PBi^s„,tAfO,sAzo)),^Sr,,tA^o)) 

< pB>i'fO,sAzo),Zo) -^ po{Vo,si^o),Zo) < +00. 

Again this implies that \fo,t„{zo)\ -^ 1. But ipo,t„{zo) — > ipo^t{zo) G D. A contradiction. D 

Proposition 3.7. Let {(Ps,t) be an evolution family of order d > 1 in the unit disc D. 

(1) For all z E B> and for all s > 0, the map [s, cxo) 3 t \—>- (ps,t{z) E C is locally 
absolutely continuous, that is, for all T > s, the map [s,T] 3 t \-^ '^s,t{z) E C is 
absolutely continuous. 

(2) For all z E 3 and for all T > 0, the map [0,T] 3 s y-^ ips^xiz) E C is absolutely 
continuous. 

Proof. (1) Let us fix z G © and two non-negative numbers < s < T. Then there exists 
a non-negative function k^^x G L'^([0,T],M) such that 

\(Ps,u{z) - Vs,t{z)\ < / k^^riOd^ 
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for all < s < M < t < T. Since k,^T e L'^([0,T],M), the map [0,T] 3 t ^ Jlk^^riCld^ 
is absolutely continuous and this clearly implies that the map [s, T] 9 t i-^ ^s,t{z) is 
absolutely continuous. 

(2) Fix 2 G D and T > 0. By Lemma ESI there is i? = R{z, T) < 1 such that 

for all < s < i < T. Take r = {R+ l)/2. 

By Cauchy integral's formula, if < a < 6 < T, we have 



\^b,T{z) -^aA^) 



1 

27ri 



^^A0^^_± 



C(0,r)^ 



^-z 



^b,T{0 



'^T^iJc{0,r)+^-Va,b{^. 



-d^ 



TT / VbAO- 

^'^Jc(0.t)+ 



Z - VaA^) 



< r 



'C(0,r)+ {^ - Z){i - ^aA^)) 

\Z-Va,b{z)\ . 4 



de 



< 



Z - '^aA^) 



Now, let k^,T gL^([0,T], 



^r- |^|)(r-/2) - (l-i?)2 
be a non-negative function such that 

|v3s,«(^) - v5s,t(2;)| < / k^AOi'^i 



for all < s < n < t < T. We have 

4 



|V5a,a(^) - V5a,6(2:)| < 



KAiYi. 



Again, since kz^r G -^"^([0, T],R), this implies that the map s G [0,T] i— ;> (/j^^tI^;) is abso- 
lutely continuous. D 



4. Weak holomorphic vector fields and Herglotz vector fields 

Definition 4.1. Let rf G [1, +oo]. A vfeak holomorphic vector held of order d on the unit 
disc D is a function G : D x [0, +oo) — * C with the following properties: 

WHVFl. For all 2; G ©, the function [0, -|-oo) 3 t ^^ G{z,t) is measurable; 
WHVF2. For all t G [0, -hoo), the function B 3 z h^ G{z,t) is holomorphic; 
WHVF3. For any compact set fi' C D and for all T > there exists a non-negative function 
kK,T e L°'([0,T],M) such that 

\Giz,t)\<kKAi) 
for all 2 G -ft' and for almost every t G [0, T]. 
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Lemma 4.2. Let G be a weak holomorphic vector field of order d > 1 on the unit disc D. 
Then for any compact set K cB) and for all T > 0, there exists a non-negative function 
kK,T e L'^([0,T],M) such that 

\G{z,t) -G{w,t)\ <kK,T{t)\^ - M 
for all z,w E K and for almost every t G [0, T]. 

Proof. Fix a compact set i^ C D and T > 0. Take < r < 1 such that K C D(0,r) := 
{C G C : Id < t}. Let A := D(0, (r + l)/2). By the very definition of weak holomorphic 
vector field, there exists a non-negative function kA^r ^ -^'^([0,T], M) such that 

\G{z,t)\<kA,T{t) 

for aX\ z E A and for almost every t G [0,r]. Since the function D 9 2; i— > G{z,t) is 
holomorphic, taking z,w E K, we have 



\Giz,t)-G{w,t)\ 



1 f eK.O.j-^/' ^M,j 



27r«yc'(o,(r+i)/2)+ ^ - ^ 27riyc'{o,(r+i)/2)+ ^ - ^ 

1 

2^ 



Gi^,t) \J d^ 

C(0,(r+l)/2)+ (4-2:)(4-«^) 



2vr Jc(o,(r+i)/2)+ I (^ - 2;) (^ - w) I 

'c(0,(r+l)/2)^ 






Thus, the result follows by choosing kK,T '■= 4-7^3^. □ 

By the Caratheodory theory of ODE's (see, for example, ^), it follows from the above 
lemma that if G is a weak holomorphic vector field on D, then for any {z, s) G D x [0, +C)o), 
there exist a unique I{z, s) > s and a function x : [s, I{z, s)) — > D such that 

(1) X is locally absolutely continuous in [s, I{z, s)), that is, x is absolutely continuous 
in [s, T] for all s < T < I{z, s); 

(2) X is the solution to the following problem: 

x{t) = G{x{t),t) 
x{s) = z 

for almost all t G [s, I{z, s)) with respect to the Lebesgue measure. 

(3) The interval [s, I{z, s)) is maximal. Namely, if y : [s,I) —>■ 3 is a locally absolutely 
continuous function satisfying 

y{t) = G{y{t),t) 
y{s) = z 
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for almost all t G [s, /), then / < I{z, s) and x{t) = y{t) on [s, I). 

Such a map x is known as the positive trajectory of the vector field G at the pair {z, s). 
The number I{z, s) is known as the escaping time for the couple {z, s). We say that the 
weak holomorphic vector field is semi-complete ii I{z, s) = +00 for all {z, s) G Dx [0, +00). 

Definition 4.3. Let G{z,t) be a weak holomorphic vector field of order d G [1, +0x3] on 
the unit disc D. We say that G is a (generalized) Herglotz vector field (of order d) if for 
almost every t G [0, +00) it follows G{-,t) G Gen(D). 

Herglotz vector fields are always semi complete: 

Theorem 4.4. Let G : D x [0, +00) —>■ C be a Herglotz vector field of order d G [1, +cx3). 
Then G is semicomplete. 

Proof. Denote by (j)s,z the positive trajectory associated with the Cauchy problem 

x{t) = G{x{t),t) 
x{s) = z, 

and let I{z, s) be the corresponding escaping time. We have to show that 

(4.1) I{z, s) = +00 for all ^ G D and s > 0. 

In order to prove (14.11) . we first show that for all z,w E Bi and < s < t < 
min{J(2;, s), I{w, s)} 

(4.2) Pd(0s,^(^), (ps,wi^)) < pio{z, w). 

Assume that I{z,s) < I{w,s) and consider the function h{t) := po{4>s,z(t),(ps,w(t)) de- 
fined for t G [s,I{z,s)). By Caratheodory's ODE's theory, such a function is absolutely 
continuous and differentiable almost everywhere. 

On the other hand, by definition of Herglotz vector field, fixed a point t, the map 
D 3 2; H^ G{z, t) is the infinitesimal generator of a semigroup of holomorphic self-maps of 
the unit disc for almost every t G [0,+oo). Therefore, by ^ Thm. 0.2] for almost every 
t G [0, -Fcx)) 

idP«)ir,.AtUsMt)) (G'(0.,.(t),t),G(0,,^(t),t)) < 0. 
Hence, for almost every t > 0, 



h{t) = (c?PD)(0^^^(i),^^_„(i)) {(j)s,z{t)As,w{t) 

= idPn)(<i,sAt),^s,r.{t)) (G(0,,^(t),t),G(0,,^(t),t)) < 0. 

Thus, h{t) < h{s) for all t G [s,I{z,s)), proving (g^D- 
Now, we prove that 

(4.3) I{z, s) = I{w, s) for all z, w G D and s > 0. 
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Fix s > 0. Suppose that there are two points z, w such that I{z, s) < I{w, s). Thus, letting 
t — > I{z,s), we have (ps,zit) -^ 93, while (l)s,w{t) stays compact inside D. In particular, 
PD{<Ps,z(t),(ps,w(t)) -^ oo, which contradicts (14.21) . Thus I{z,s) > I{w,s). Swapping the 
role of z,w in the previous argument, we have (14. 3p . 
Next, let I = J(0, 0). We prove that 

(4.4) J(0, s)=I for all s<I. 

Let s < / and z = 0o,o(s) e ©. Take s<t< min{J, /(O, s)}. By (gSD, Hz, s) = /(O, s) so 
4>s,z{t) is well-defined and belongs to D. Therefore, by uniqueness of solutions of ODE's it 
follows that 

Moreover, by iK2t} . 

poi(psfi{t),(l)o,oit)) =PD(0s,o(i),0s,^W) <PV>{0,Z) =Pd(O,0o,o(s)). 

From this, arguing as in the proof of (14.31) . equation (14.41) follows. 
Finally we prove that there exists 6 > such that 

(4.5) I{0,s)>s + 6 for all s e [0,/). 

Fix < r < 1. We know that there exists a non-negative function krj+2 ^ -^'^([O, / + 2], M) 
such that 

\G{z,t)\ <K,i+2{t) 



for all \z\ < r and for almost every t G [0, / + 2]. Moreover, by Lemma [4. 2 [ there exists a 
non-negative function krj+2 £ -^'^([0,T],M) such that 

\G{z,t)-G{w,t)\ <kr,i+2{t)\z-w\ 

for all \z\, \w\ < r and for almost every t ^ [0,/ + 2]. The functions [0,1 + 2] 3 u ^-^ 
Jq krj+2it)dt and [0, / + 2] 9 -u t— > f^ krj+2(t)dt are absolutely continuous and therefore 
there exists < 6 < 1 such that for all s G [0, / + 1] it holds / krj+2{t)dt < r and 
// krj+2(t)dt < r. Moreover, ii f : [s,s + 6] ^ rD is measurable, then [s, s + 5] 3 ^ ^— > 
G'(/(0)0 is integrable and 



*G(/(0,0^e 



< 



f\G{f{0,0\dr< fkrj+2mi<T. 

J s J s 



Therefore, for s G [0, J + 1], we can define by induction 

Xsfi{t) := 



^^•^^ ^ Xs,n{t)--=!lG{Xs,n-l{i)^i)di 
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for t E [s,s + 6] and n eN. Now, since |xs,n(^)| < r, we have 

Knit) - ^s,n-lit)\ < f \GiXs,n-liO,0-GiXs,n-2{0,0\dC 

J s 

< I krJ+2{.0\^s,n-l{.C) - Xs,n-2{.C)\d^ 
J s 

< max \Xs,n-l{0 - ^s,n-2{0\ / ^r,/+2(0'^^ 
<r max \Xs,n^liO - Xs,n-2iO\- 

From this inequahty, we deduce that {xs,n} is a Cauchy sequence in the Banach space 
C([s, s + (5]) of continuous complex functions from [s, s + 5], endowed with the supremum 
norm. Therefore, it converges uniformly on [s, s + 5] to a function x G C([s, s + 5]). Since 

\G{xs,n~iir),T)\ < kr,i+2ir), 

the Lebesgue dominated converge theorem implies 

x{t)= f G{x{0,Od^ 

J s 

for all t G [s, s + (5]. Therefore, (ps^ = x on [s, s + 5], which proves that /(O, s) > s + 5, 
proving fl4.5p . 

Equation (14. ip follows immediately from (14.30 . (14.40 and (14. 5p . and we are done. D 

As we will see, Herglotz vector fields in the unit disc can be decomposed by means of 
Herglotz functions (this the the reason for the name). We begin by recalling the following 
definition: 

Definition 4.5. Let d G [1, +oo]. A Herglotz function of order d is a function p : D x 
[0, +oo) 1-^ C with the following properties: 

HFl. For all zeB, the function [0, +oo) 3 t h^ p{z, t) e C belongs to Lf^^i[0, +oo), C); 
HF2. For all t G [0, +oo), the function 3 3 z ^-^ p{z, t) G C is holomorphic; 
HF3. For all ;z G © and for all t G [0, +oo), we have Rep{z, t) > 0. 

Proposition 4.6. Let d E [1, oo]. A function p : D x [0, +oo) i-^ C zs a Herglotz function 
of order d if and only if it satisfies HF2, HF3 and the following two statements: 

(1) for all z G D, the function [0, +cxo) 9 1 1— *• p{z, t) E C is measurable; 

(2) there exists Zq E B> such that the function [0, +cx)) 9 t i— > p{zQ,t) G C belongs to 
Lf J[0,+oo),C). 

Proof. We have to prove that if p satisfies HF2, HF3 and (1) and (2), then it satisfies 
HFl. Let z G ©. Fix a point t > 0. Bearing in mind that the map D 3 u; i— >■ p{w, t) G C 
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is holomorphic, by ^20i pages 39-40], we have that 

\p{z,t)\ < -^\p{0,t)\ < '\ \p{zo,t)\. 

— II — II — l^ol 

Now, since the function [0, +cxd) 3 t \-^ p{zo, t) belongs to Lf^^{[0, -|-cxd), C) and [0, +oo) 3 
t H- > p{z,t) is measurable, the above inequality implies that the function [0, +00) 3 t \-^ 
p{z, t) also belongs to Lf^^HO, +00), C). D 

We are going to show that there is essentially a one-to-one correspondence between 
Herglotz vector fields and Berkson-Porta data. To this aim we need a lemma: 

Lemma 4.7. Let G : D x [0, +00) ^ C be a function such that 

(1) For allt >0 the map 3 3 z \—>- G{z,t) is holomorphic. 

(2) For all z eB) the map [0, +00) 3 t \-^ G{z,t) is measurable. 

Then the map [0, +00) 3 t \-^ G{-,t) G Hol(D,C), from the set [0, +00) endowed with the 
Lebesgue measure to the Frechet space Hol(D, C), is measurable. 

Proof. Since Hol(D,C) is a metrizable and separable topological space, it is enough to 
show that, given / G Hol(©, C) and e > 0, the set 

{tG[0,+oo):dH(G(-,t),/)<e} 

is measurable; where here d//(-, ■) denotes the Frechet distance in Hol(D,C). 

Fix t > 0. Since G{-,t) is holomorphic in D there exists a sequence {gn{t)} C C such 
that 



G{z,t) = J29nit) 



2". 



n=0 



The functions [0, +cxd) 3 t \-^ Qnit) are measurable. Indeed, goit) = G{0,t) is measurable 
by hypothesis (2). By induction, assume that gk{t) is measurable for k = 0, . . . ,n. Then 



^ ' k=0 

= lira m-^'[Gi-,t)-J29km-n 



m '■ — ' m 

k=0 



which proves that t ^-^ gn+i{t) is measurable, concluding the induction. 

Let Gm{z,t) := YJ^=o9n{t)z'^. Since the map C™ 3 (ao,...,am) ^ Zir=o^"^" ^ 
Hol(D, C) is continuous, and t ^^ gnif) is measurable for all n G N, then [0, +00) 3 
t I— > Gm{-,t) G Hol(D, C) is measurable for all m G N. Moreover, {Gm{-,t)} converges 
to G{-,t) in Hol(D, C). Therefore, dH{G{-,t), f) = \im.m^oo dH{Gm{-,t), f), and hence it 
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follows easily that 

{te[0,+oo):dH{Gi;t),f)<e} 



oo oo oo 



1,-'\J t,AJ l_A_J ^ 

= U U n {^ ^ [0' +^) ^ dH(G^(-, t), /) < e(l - — ^)}. 

p=l n=l m=n 

Since {Gml', i^)} are measurable, {t G [0, +oo) : d/^(G'm(', i^^)) /) < e(l — rj)} is measurable 
and this proves the result. D 

Theorem 4.8. Let r : [0, +oo) ^ 3 be a measurable function and letp:3x [0, +oo) -^ C 
be a Herglotz function of order rf G [1, +oo). Then the map Gr,p : D x [0, +oo) -^ C given 
by 



(4.7) G.,p(^,t) = {z-r{t)){r{t)z-l)p{z,t), 

for all z &3 and for all t G [0, +oo), is a Herglotz vector field of order d on the unit disc. 

Conversely, if G : 3 x [0, +cxd) — > C is a Herglotz vector field of order d G [1,+cxd) 
on the unit disc, then there exist a measurable function r : [0, +oo) — > D and a Herglotz 
function p : D x [0, +oo) ^ C of order d such that G{z,t) = Gr,p{z,t) for almost every 
t G [0, +oo) and all z e3 (here Gr,p is given by (14. 7p ). 

Moreover, if f : [0, +oo) ^ D zs another measurable function and p : D x [0, +oo) — > C 
is another Herglotz function of order d such that G = Gf^p for almost every t G [0, +oo) 
then p{z,t) = p{z,t) for almost every t G [0, +cxd) and all z E B) and r(t) = f(t) for 
almost all t G [0, +oo) such that G{-,t) ^ 0. 

Proof. Assume (r, p) be given. By the Berkson- Porta representation formula, for each 
fixed t G [0, +cxd) the function D 9 z i— > Gr,p{z,t) is an infinitesimal generator. Thus we 
need to prove that Gr^p is a weak holomorphic vector field of order d on D. 

On the one hand, it is clear that for all 2 G D, the function [0, +oo) 3 t \—>- Gr^p{z, t) is 
measurable and that for all t G [0, +oo), the function 1} 3 z ^-^ Gr,p{z,t) is holomorphic. 
That is, Gr,p satisfies WHVFl and WHVF2. On the other hand, fix a compact set K cVi 
and T > 0.' Let < r < 1 be such that K C D(r) = {( G D : |C| < r}. Fix z e K and 
t G [0, T]. By [201 pages 39-40], 



\Gr,p{^,t)\ = \{z-Tit))iTit)z-l)\\piz,t)\<A\p{z,t)\ 

<4^^b(0,t)|<4i^|p(0,t)|. 
1 — |2;| 1 — r 

Since the function [0, +oo) 3 t \-^ p(0,t) belongs to Lf ^^{[0,+oc),C), writing kK,T{t) = 
4:Yz^\p{0,t)\ we conclude that Gr,p satisfies WHVF3 and it is a weak holomorphic vector 
field of order d. 

Conversely, let G be a Herglotz vector field. Hence z ^-^ G{z, s) belongs to Gen(D), for 
almost every s G [0, +oo). Therefore, by the Berkson- Porta representation formula, we 
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can find a^ G © and Ps G Hol(D, C) with Reps > such that, for all 2; G D and almost 
every s G [0, +00) 

G{z, s) = {z - as)(a;z - l)ps{z). 
By WHVFl for each fixed z G © the function [0, +00) 3 t \—>- G{z,t) is measurable. By 
Lemma W77\ the map ^ : [0, +cxo) 3 t \-^ G{-, t) G Hol(D, C) from the set [0, +cxd) endowed 
with the Lebesgue measure to the Frechet space Hol(D,C), is measurable. 

Note that if G{-, s) = then necessarily Ps{-) = and in such a case a^ can take any 
value. We set a^ = if G{-, s) = 0. Let E := {s G [0, +00) : G{-, s) = 0} that is, s G ^ if 
and only ii G{-,s) = 0. Note that since E = ^^^({0}), the set E is a measurable subset 
of [0, +00). Hence, a^ = for s G -E and Og = BPr o "^{s) for s G [0, +00) \ E. Since 
E is measurable, \l/ is measurable, BPr is continuous by Proposition 12.11 and Gen(D) is 
a closed subset of Hol(D, C), it follows that a^ is a measurable mapping from [0, +00) 
into ©. 

Similarly, being Ps{z) = ior s E E and Ps{z) = BPp o \l'(s) for s G [0, +cxd) \ E and 
being BPp continuous by Proposition 12.11 we deduce that ps is a measurable map from 
[0,+oo) into Hol(D,C). 

We are left to check that ps is a Herglotz function of order d. By Proposition 14.61 this 
is equivalent to show that there exists a point Zq E 3 such that the mapping [0, +00) 3 
s ^ PsiO) G C belongs to Lf^^{[0, +00), C). 

Let A := {s e [0, +cx)) : |a,| > i}. Since A = a7^(© \ ©(1/2)), we see that A is a 
Lebesgue measurable subset of [0, +00). Moreover, when s E A clearly a^ 7^ and 

b.(0)| = ^^<2|G(0,s)|. 
\as\ 

Hence [0, +00) 3 s \-^ Xa{s)ps{0) G C belongs to Lf^^([0, +00), C), where Xa{s) = 1 for 
s E A and xa{s) = otherwise. 

Moreover, by the very definition of A, when s G [0, +00) \ A, 

|G(3/4, s)\ = |3/4 - «,| |«l3/4 - 1| b.(3/4)| 

= ^|P.(3/4)|. 

Hence [0, +00) 3 s^ X[o,+oo)\a(s)Ps(3/4) G C belongs to Lf^^{[0, +00), C). 

By the distortion theorem for Caratheodory functions [201 pages 39-40], for every s G 

[0,+oo), 

bs(0)|<[^b.(3/4)| = 7b.(3/4)|. 

Therefore, [0, +00) 3 s ^-^ X[o,+oo)\yi(s)ps(0) G C belongs to Lf^^il'^^ +00), C). Thusps(O) G 
Lf ^^{[0, +00), C), and we are done. 
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The statement about uniqueness follows at once from the uniqueness of the Berkson- 
Porta representation formula. D 

The representation of Herglotz vector fields by means of Herglotz functions given by 
Theorem 14.81 will turn out to be a very powerful tool, because it allows to use distortion 
theorems for Caratheodory's function, a tool which is not available in higher dimensions 
(see [6]). 

5. From Herglotz vector fields to evolution families 

For the sake of clearness, we begin by recalling the well-known Gronwall's Lemma as 
needed for our aims. 

Lemma 5.1. Let 6 : [a,b] ^ M. be a continuous function and k G L^llajb],^) non- 
negative. If there exists C > such that for all t G [a, b] 

ft 



e{t) <c + 



OiOmd^ (resp., e{t) <c + J ^(OMO^O, 

9{t) <Cexp( f k{^)dn (resp., e{t) < C exp ( f k{^)d^ 



then 



Theorem 5.2. Let G : © x [0, +cxd) -^ C be a Herglotz vector field of order d G [1, +cxd). 
For all s > and ^ G D, let (j)s,z be the solution of the problem 

x{t) = G{x{t),t) for a. e. t G [s, +oo) 
x{s) = z. 

Let (ps,t{z) '■= 4's,z{t) for alio < s <t < +oo and for all z G D. Then {'^s,t) is an evolution 
family in the unit disc of order d. 

Proof. By Theorem 14. 4^ the Herglotz vector field G is a semi-complete weak holomorphic 
vector field on the unit disc. Therefore, the value (f)s,z{t) is well-defined for all < s < 
t < +CXD and for all 2; G D. Moreover, by uniqueness of solutions of ODE's, it follows that 
'Ps,t = fu,t o fs,u for allO<s<'U<t< +00. Thus EFl, EF2 hold, and we are left to 
prove EF3 and the holomorphicity of (fs,t- 

We prove that ips^t : D — * ID) is holomorphic for allO<s<'U<t< +00. 

First, we claim that for each < T < +00 and < r < 1, there exists R = R{r, T) < 1 
such that 

(5.1) \^sA^)\<R 

for all < s < t < T and \z\ < r. 

Seeking for a contradiction, assume (15.11) is not true. Then there exist three sequences 

(zn), (s„), and (t„) such that \zn\ <r, Zn ^ Zq, s„,t„ G [0,T], s„ < in, Sn -^ So, tn -^ to, 
and |v5s„,t„(-Zn)| -^ 1- Since the map ^s„,t^ is a contraction for the hyperbolic metric (see 
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the proof of Theorem USD , we have that po^ips^^tA^n), V^s^.t^l^o)) < pii{zn, Zq) -> 0. Then 
\'^Psr^,t„{.ZQ)\ -^ 1. The map 1 1— > ipQ^zo) is continuous (because 0o,2o i^ a positive trajectory 
of the semi-complete vector field G). Moreover, 

< Piii^o,sAzo),zo) -^ poi^oA^o),Zo) < +00. 

Again this implies that |v5o,t„(-2o)| -^ 1- But v^o,t„(-2o) -^ fo,t{zo) G ©. A contradiction. 
Hence (15.11) holds. 

Fix s <t and z eB. Let |z| < r < 1, T > t and let R = R{r, T) be given in (15.11) . Write 
R = {R + l)/2. By the very definition of weak holomorphic vector field and by Lemma 
14.21 there exist two non-negative functions fc_R,T, fci?,T ^ -^'^([0,T],]R) such that 



\G{w,u)\ < kn^xiu) 



and 



\G{wi,u) -G{w2,u)\ < kR^T{u)\wi -W2\ 

for all {wil, \w2\, \w\ < R and for almost every u G [0,T]. 

The map u \-^ G'{z,u) is clearly measurable. Thus, the function t i-^ G'{ips,t{z),t) is 
also measurable. Therefore, 



|G'((/?,,„(z),m)| = — 

ZTT 



c(o,Ry 






-d^ 



< kRTiu 



_2R_ 
l-R' 



Therefore, the map u h^ G'{ips,u{z),u) belongs to L'^([s, T], M). Once we know that this 
function is integrable, we claim that 



lim — ■ ■ = exp 

h^O h 



G'{(ps,uiz),u)du 



To simplify the notation we write H{u) := exp [— J^ G'^p{(ps,^iz),^)d^) . Moreover, for 

h)- 

h 



\h\ < R- \z\ we define e{u) := \ips,u{^ + h) - V>sA^)\ and fh{u) := ^^.-('^+^}-^^.-('\ We 



have 



9(u) 



h+ G{vsA^ + h),Od^- G{vsA^),Od^ 

J s J s 

ru ru 

<\h\+ e(^)kn,TiOd^ = Ois) + eiOknAOd^ 

J s J s 

Lemma [5.11 implies that 

e{u) < e{s)exp ( [ kn^TiOd^] = \h\exp ( [ kn^Od^] • 
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That is, \fh{u)\ < exp (/" ^i?,T(0'^'C) • I^i ^ similar way, for all < s < f < n < t, we 
have that 



9(v) < 9(u) + 



J V J V 

< e{u) + j eiOknAOdC 

J V 

Using again Lemma 15.11 we have that 

\LPs,v{z + h) -ips,v{z)\ < \Lps,u{z + h) -Lps,u{z)\e^-^ ( / kR,T{Cldi] for all s < t; < M < t. 

In particular, 

(5.2) \h\ < \(ps,u{z + h) - ips^u{z)\exp ( / fc/j,T(Oc?^ 



This means that if /i 7^ 0, then ips,u{z + h) ^ ifs^u{z) for all u G [s,t]. Fix h > 0. Then 
there is a set A = A{h) of zero measure such that for all u G [s, T] \ A{h), we have 



f» 



^s,ui^ + h)- ^s,ui^) 

h 

Gi^s,uiz + h),u)- G{ips,u{z),u) 

h 



where 



Lh{u) = fh{u) 



= G'{Lps,u{z),u)fh{u) + Lh{u) 

G{ips,u{z + h),u) - Gr,p{Vs,u{z),u) 



Note Lhiu) is well-defined because ^s,u{z + h) ^ ips,u{z). 
Then, by the very definition of H, it holds 

d{H{u)Uu)) 



G'r,p{^s,u{z),u) 



du 



H{u)jl{u) - H{u)G'{ips,u{z),u)fh{u) = H{u)Lh{u) a.e. on m G [s,t]. 



Integrating on m G [s,t], we obtain 

H{t)Uit) - 1 = / H{u)U{u)du. 



Moreover 
\H{u)Ln{u)\ < 
< 



exp - / G'{^sA^),Od^ 



exp / kn^riOd^ 



kR.Tiu) + knAu 



2R 

r — 1 
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Since this bound does not depend on h and 

G{(fs,u{z + h),u) - G{ips,uiz), u) 



lim 



(Ps,u{z + h) -(Ps,u{^) 



G'{(fs,u{z),u), 



by the Lebesgue dominated convergence theorem, we have hm/i^o/ H{u)Lh{u)du = 0. 
Therefore, 

,. V?s,m(^ + h) - (Ps,u{z) _ 1 

ft™ h ~ H{ty 

proving that ips^u{z) is holomorphic for all < s < t < +cx3. 

To end up the proof we need to check property EF3. Let 0<s<u<t<T,zEBi 
and let R = R{T, \z\) be the number given by fIS.ip . Then 



\fs,u{^) -fs,v{^)\ 



Vs,!i{z)di 



< 



knAOdC 



Note that this also implies that if p is of order d for some d G [1, +C)o], then {fs,t) is also 
of order d. D 



6. From evolution families to Herglotz vector fields 

In this section we prove the converse of Theorem 15.21 Part of the proof relies on the 
following result on measurable selections: 

Theorem 6.1. [7\ Theorem III. 30, page 80] Let (fi, S,/i) be a positive a-finite complete 
measure space, [X, d\ a separable and complete metric space and T a multifunction from 
Vt to the subsets of X. Assume that: 

(i) For every u; G fi, T{ijj) is a closed non-empty subset of X. 

(a) For every x G X and every r > 0, {cj G i7 : Tioj) fl B{x,r) 7^ 0} G S. (As usual, 
B{x,r) denotes the open unit ball in X with center x and radius r). 

Then T admits a measurable selector a : Q — > X ; namely, for every u E Q, we have 
o"(u;) G T{uj) and the inverse image by a of any borelian in X belongs to S. 

Now we are going to prove the main result of this section: 

Theorem 6.2. Let {<fs,t) be an evolution family of order d in the unit disc. Then there 
exists a Herglotz vector field G which has positive trajectories {fs,t)! namely, for any 
{z, s) G D X [0, +00), the positive trajectory of the vector field G with initial data {z, s) is 
exactly [s, +00) 3 t -^ ips^t{z). 

Proof. The proof of this theorem is rather long and has three main parts which will be 
exposed separately. In short: (a) construction of a candidate function G : Dx [0, +00) -^ C 
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verifying that G{-, s) G Gen(D), for all s > 0; (b) checking that G is a weak holomorphic 
vector field; (c) verification of the assertion of the theorem. 

Part (a): We are going to apply Theorem 16.11 to a suitably chosen F : [0, +oo) — > 
2Hoi{D,c)^ where the set [0, +cxd) is endowed with the Lebesgue measure and Hol(D, C) has 
its natural structure of Frechet space. 

Fix 2; G D and T > 0. Let k := kz^x ^ L'^dOyT + 1],M) be the non-negative function 
given by EF3. We extend k to all of M by setting zero outside the interval [0, T+ 1]. Then 
for < s < T and every n &N 

kiOd^ < Maxfe(s), 



n 



ip{z,s,s + -) -ip{z,s,s) 
n 



where 



Maxfc(s) := sup < -j — - k(^)d^ : J is a closed interval of the real line and s E I > 

is the so-called maximal function associated with k. Since k G L^(]R, M), by Hardy- 
Littlewood maximal theorem there exists a subset N{T, z) C [0, +00) of zero measure 
such that Maxfe(s) < +00 for every s G [0,T] \ N{T,z). Let N{z) := UmeNN{m,z). Then 
for all s G [0, +00) \ N{z) 



(6.1) sup 



■n{(p{z,s,s + -) - z) 
n 



< +00. 



Let M := A^(0) U N{l/2). Clearly, M is a subset of [0, +00) of zero measure. We let 

F : [0, +00) - 2H°H»'-), . ^ F(.) = { '<^-^^^ l I "^^ 

where gn,s '■= n{ips,s+i/n — id) G Hol(D, C) and ac{gn,s) denotes the accumulation points 
of the sequence {gn,s}n in the metric space Hol(D, C). The multifunction F is well-defined 
and, since Hol(D, C) is a metric space, F(s) is a closed subset of Hol(ro, C) for every s > 0. 
Next step is to prove that F(s) is non-empty for all s > 0. This is true by definition if 
s G M. Thus, fix s G [0, +00) \M. As recalled in section [21 ips,s+i/n — id belongs to Gen(©) 
for all n G N. Moreover, Gen(©) is a real cone in Hol(D,C), thus {gn,s} is a sequence in 
Gen(D). By the very definition of M, 

max{sup|5f„,5(0)|,sup|5f„,s(l/2)|} < +00. 

n n 

Hence, we can apply Lemma 12.21 and conclude that the sequence {gn,s} has accumula- 
tion points in Hol(D,C), so that F(s) is not empty. Thus F satisfies hypothesis (i) of 
Theorem 16. 1[ 

In order to check condition (ii) in Theorem 16. II for F, we fix / G Hol(D,C) and r > 0. 
Since M has zero measure, we have only to prove that 

Af^r = {s e [0, +00) \M -.Bg e ac{gn,s) with dnif, g) < r} 
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is Lebesgue measurable, where dn is the canonical Frechet distance defining the topology 
of Hol(D, C). Bearing in mind Lemma [2.21 and the argument above, we see that 

^f,r := u;^2n~ iur=n{^ ^ [o, +00) \ m : dnu, 9,,s) < ^ (1 - 7) }• 

Hence, it is enough to prove that, for every A; G N, every s > and every r* > 0, the 
subset 

Bkj,r' := {s G [0, +oo) \ M : dnif, gk,s) < r*} 

is Lebesgue measurable. Since the functions [0, +oo) 3 s ^-^ Vs,s+i/k £ Hol(D, C) are 
continuous (see Proposition 13. 5p . then [0, +oo) 3 s ^^ Pk{s) := gk,s G Hol(D,C) is also 
continuous for every A; G N. Therefore, the inverse image by Pk of B{f,r*) (the open ball 
in Hol(D, C) with center / and radius r*) is an open subset of [0, +oo). Since 

then Bkj^r" is Lebesgue measurable. 

Therefore, the multifunction F satisfies the hypotheses of Theorem 16.1 [ Thus there exists 
a measurable selector a : [0, +cx)) -^ Hol(D, C) for F. We define G : D x [0, +oo) ^ C by 

G{z, s) := (r[s]{z), for 2; G D and s > 0. 

Bearing in mind the definition of accumulation points in metric spaces, we deduce that, 
for every s G [0, +00) \ M, there exists a strictly increasing sequence {nk{s)} of natural 
numbers such that, for all 2; G ©, 

(6.2) G{z,s):= Urn. nk{s)(ip{z,s,s + l/nk{s)) — z) 

fc— >oo 

and the convergence is uniform on compacta of D. In particular, because Gen(D) is a 
closed subset of Hol(D, C) (see [H Consequence of Theorem 1.4.14] or [221 P-76]), we see 
that z I— > G{z,s) belongs to Gen(©), for every s G [0, +00) \ M. Moreover, bearing in 
mind that z 1— > G{z, s) = z, for every s G M, we deduce that z h^ G{z, s) belongs to 
Gen(D), for every s G [0, +cxo). 

Part (b): According to DefinitionSH we have to check WHVFl, WHVF2 and WHVF3. 
Fixing 2; G D, we see that by the very definition, 

[0,+oo) 3 s ^G{z,s) G C 

is the composition of the measurable selector a and the continuous functional of Hol(D, C) 
given by evaluation at z. Thus, WHVFl holds. Also, WHVF2 holds trivially by the very 
definition. 

To prove property WHVF3, we argue as follows. Fix z G © and T > 0. By EF3, there 
exists kz G L'^([0,T + 1],]R) non-negative such that 

-t+l/n 



(p{z,t,t + -) -ip{z,t,t) 
n 
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for < t < T and every n G N. The map s ^^ f^ kz($^)d^ is differentiable with 
derivative k{s) in [0, T] outside a set No{z,T) of zero measure. Let N{z,T) := M U 

No{z,T). Then for every s G [0,T] \ N{z,T), 

\nk{s){ip{z,s,s + l/nk{s))- z)\<nk{s) / k^{C)d^. 



Taking hmit in k, by (16.21) . we conclude that 

(6.3) \G{z,s)\<k,is) 

for almost every s G [0,T]. 

Now fix r G (0,1) and T > 0. By Part (a), we know that z i-^ G{z,s) belongs to 
Gen(D), for every s G [0, +oo). By [211 Section 3.5], there exist a^ G C and Qs G Ho1(D, C) 
with Reg^ > and 

G{z, s) = tts — oTsZ^ — zqs{z), z G ©, s > 0. 

Since G(0, s) = a^, equation fl6.3p provides a function ko G L'^([0,T],M) such that 

\as — a^z^l < 2kQ{t), for s G [0,T] and |z| < r. 

Again by fl6.3p . we can find another function ki/2 G L'^([0,T],M) such that 

1^(1/2,5)1 <A;i/2(s), forsG[0,T]. 

Therefore, for s G [0,T], we have 

|g,(l/2)| < 2\as - hr,\ + 2\G{l/2, s)\ < 3ko{s) + 2ky2{s). 

Since s h^ G{z^ s) is measurable for all fixed 2; G D, it follows that both maps s i—» a^ 
and s t— > gs(l/2) belong to L'^([0,T], C). Now, the distortion theorem for Caratheodory 
functions [2DI pages 39-40] shows that, when |z| < r and s G [0,T] 

\G{z,s)\ < 2ko{s) + \qs{z)\ < 2ko{s) + i±M|g^(o)| 

1 + bl 1 + 1/2, , , ,, 
<2fco(s) + ^— U__^|g^(l/2)| 

< 2fco(s) + l±^(9fco(s) + 6ky2{s)), 
1 — r 

showing WHVF3. 

Part (c): We have to prove that, given {z, s) G D x [0, +00), the positive trajectory of 
the weak holomorphic vector field G with initial data {z, s) is exactly 

[s, -l-cx)) 9 t — > ip{z, s, t). 
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Recall that by Proposition 13 .7^ this function is absolutely continuous in [s, +oo) and 

ip{z, s, s) = z. Thus we have only to show that for almost every t G (s, +oo) 

— (2;, s, t) := Jiim^ -^ = G{ip{z, s, t),t). 

Let us fix 2; G D and s > 0. Let Ni{z, s) C [s, +00) be a set of zero measure such that 
[s, +00) 3 t ^ ip{z, s, t) is differentiable for every t G (s, +00) \ Ni{z, s). Let M be the 
set of zero measure defined in Part (a). Then, for every t G (s, +00) \ {Ni{z, s) U M), 

a^ ^(2:,g,t + l/nfc(t)) -(p(z,g,t) 

= limnfc(t) {ip{^{z, s,t),t,t + l/nk(t)) - ip{z, s, t)) 

k 

= G{ip{z,s,t),t), 

and we are done. D 

As a consequence of the previous results we have the following interesting fact: 

Corollary 6.3. Let {(ps,t) be an evolution family of order d > 1 in the unit disc. Then, 
every Lps,t is univalent. 

Proof. By Theorem 16.21 the elements of the evolution family (v^s,*) are trajectories of a 
weak holomorphic vector fields. By inequality (15.21) they are univalent in the unit disc. D 

Theorem 6.4. Let {<fs,t) be an evolution family of order d > 1 in the unit disc. 

(1) For every s > 0, there exists a set M{s) C [s, +00) (not depending on z) of zero 
measure such that, for every t G (s, +00) \ M{s), the function 

D 9 2 I— >• -:— U, s, t) = lim — ■ ; ■ G L 

dt^ ^ h^o h 

is a well-defined holomorphic function on D. 

(2) Let G : D X [0, +cxd) —>■ C be a Herglotz vector field whose positive trajectories are 
{fs,t)- Fixed s > 0. Then there exists a set M{s) C [s, +cx3) (not depending on z) 
of zero measure such that, for every t G (s, +00) \ M{s) and every z &I!i, it holds 
that 

(6.4) ^iz,s,t) = GiifsAz),t). 

Proof. (1) Fix s > 0. By Proposition 13.71 the map [s, +cxd) 3 t \—>- (p{z,s,t) G C is 
absolutely continuous in [s, +00) for all fixed z G ©. Thus there exists a set of zero 
measure N{z, s) C [s, +cxd) such that, for every t G (s, +00) \ N{z, s) the following limit 
exists 

D.,(z) = ^(3. M) = lim ^(^■M + ft)-Vfe^.O 

Ot h^O h 



EVOLUTION FAMILIES I: THE UNIT DISC 27 

Now, define 

The set N{s) has zero measure and it is independent of z. We are going to show that this 
is the subset we are looking for; namely \im.h^Q{ip{z, s,t + h) — ip{z, s, t))/h exists for all 
t G (s, +cxd) \ N{s) uniformly on compacta of D. 

First of all we show that for every t G (s, +0x3) \ N{s), the family 

^s,t ■= {-ri'fs,t+h - ^s,t) ■■0<\h\ <t-s} 
n 

is relatively compact in Hol(©, C). To this aim, we will work separately two cases: (a) 
< h < t - s; (b) s - t < h < 0. 
Case (a): Since h > and by EF2, 

^s,t = {fh o Vs,t -.O <h<t- s}, 

where fh := j^{ipt,t+h — id) G Hol(D, C). Since (ps^t is holomorphic in D, and by Montel's 
theorem, we only need to check that 

J^:y.= {U:0<h<t-s} 

is a bounded subset of Hol(D, C). Assume this is not the case. Then there exists a sequence 
{fn} (with /„ := fhj in J^*^ and r G (0, 1) such that 

(6.5) lim max{|/„(2;)| : \z\ < r} = +cxd. 

ra— »oo 

Since the sequence {(pt,t+h„ — id}n belongs to H°°(B)), we may assume that lim^ /i^ = 0. 
Moreover, letting Zi := ip{l/2,s,t) and Z2 := ip{l/3,s,t), then Zi 7^ Z2 because yj^,* is 
univalent (see Corollary 16. 3p . Hence, since hn > and t ^ N{l/2,s) 

^{1/2, s,t + K)- ^{1/2, s,t) 



D,,t(l/2) = lim 

n 

= lim 



hn 

(^((^(1/2, 3, t), t, t + hn) - <^(l/2, S, t) 

h„ 



lim ^^^l^M±M^ii = li„, /„(,,). 

n hr, 



''n 



Similarly, one can check the existence of the limit lim„/„(z2)- Now, note that J-'*^ C 
Gen(D) since h > 0. Therefore, we can apply Lemma [2.21 to the sequence {fn} and the 
two points zq,zi, contradicting (16. 5p . 

Case (6): the proof of this case is similar to that of Case (a) and we only sketch 
it. Since h < and by EF2, we see that J^s,t '■= {fh o fs,t+h '■ s — t < h < 0}, where 
fh '■= —j^{(pt+h,t — id) G Hol(D, C). By Proposition 13.51 and Montel's theorem, we only 
have to check that JF*^ := {f^ : s — t < h < 0} is a. bounded subset of Hol(D, C). Again, 
we argue by contradiction assuming the existence of a sequence {/„} C J-'*^ which is 
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not bounded on some compact subset of D. This time we define zi^n '■= V'(l/2, s,t + hn), 
Z2,n '■= V^(l/3, s,t + hn). Bccause ips^t is univalent, we find that hm^^i^^ ^ hm„2;2,n and 

ip{l/2,s,t + hn)-ip{l/2,s,t) 



D,,t(l/2) = hm 

n 

= hm 



hn 

(p{l/2, S,t + hn) - (p{ip{l/2, S,t + hn),t + hn, t) 

hn 



n fin " 

In a similar way, it can be checked the existence of the limit lim„ /„(z2,n)- Again, this 
forces a contradiction to Lemma I2.2[ 

Thus the family J-'s^t is relatively compact in Hol(D, C). Let ?/',0 be two of its limits. 
By the very definition of N{s) 

Dsti^^) = ^i^^) = H^^), 

for every m E N. But j^;^} is a sequence accumulating at 0, hence by the identity 
principle ip = (p. This shows that 

(p{z,s,t + h) - ip{z,s,t) 

h^O h ' 

exists, for all t G {s, +00) \ N{s) uniformly on compacta of D, ending the proof of (1). 

(2) Fix s > 0. By part (1), there exists a set Nq{s) C [s, +00) of zero measure (not 
depending on z) such that, for every t E (s, +00) \ Nq{s), the function ID) 3 z \-^ -^{z,s,t) 
is a well defined holomorphic function on D. Let {zn} be any sequence converging to 0. 
Then for all n G N there exists a set of zero measure N{zn, s) such that 

(6.6) —{Zn,S,t)=G{ip{Zn,S,t),t) 

for all t G [s, +00) \ N{zn, s). Let N{s) = No{s) U U„ N{zn, s). Then N{s) has measure 
zero and for ah t G [s, +00) \ N{s) equation (16. 6p holds. By the identity principle for 
holomorphic maps, the two holomorphic functions -^{-,3,1) and G{(p{-,s,t),t) are then 
equal on D, proving (2). D 

Corollary 6.5. If G, G are Herglotz vector fields with the same positive trajectories then 
G{z,t) = G{z,t) for almost every t G [0, +cxo) and all z G D. 

Proof. By Theorem 15.21 the positive trajectories of G and G are evolution families of 
the unit disc. In particular they are univalent by Corollary 16.31 The claim follows then 
from ([63D- □ 

The next result studies the dependence of evolution families with respect to the "s 
variable" . 



EVOLUTION FAMILIES I: THE UNIT DISC 29 

Theorem 6.6. Let {(fs,t) be an evolution family of order d > 1 in the unit disc. 

(1) For every t > 0, there exists a set N{t) C [0,t] (not depending on z) of zero 
measure such that, for every s G (0,t) \ N{t), the function 

M 3 z ^^ -;—(z,s,t) := lim ■ ; ■ G L 

OS h^O h 

is a well-defined holomorphic function on D. 

(2) Let G : D X [0, +0x3) —>■ C be a Herglotz vector field whose positive trajectories are 
{'^s,t)- Fixt > 0. Then, there exists a set N{t) C [0,t] (not depending on z) of zero 
measure such that, for every s G (0, t) \ N(t) and every 2; G D 

(6.7) ^l,^s,t) = -G{z,sU,{z). 

Proof. (1) Fix t > 0. By Proposition 13.71 the map [0,t] 9 s 1— > ip{z,s,t) G C is absolutely 
continuous in in [0, t], for all fixed z eB>. Thus there exists a set of zero measure Ni{z, t) C 
[0,t] such that, for every s G (0,t) \ Ni{z,t), the following limit exists 

n (,^ _ 9^(, , .^ _ n^ '^{z,s + h,t)-^{z,s,t) 
D,,[z) - -Q^{z,s,t) - hm . 

Moreover, let {r„} C (0, 1) be a sequence converging to 1. For R > 0, let 3{R) = {( E 
C : Id < R}- By Lemma [3^ for all n G N there exists Rn := R{rn,t) G (0, 1) such that 

An := {ip{z, u,v) -.Iz] <r„., 0<u<v<t+l}c D(/?„). 

Let G : © X [0, +00) — > C be a Herglotz vector field whose positive trajectories are {(Ps,t) 
(such a vector field exists by Theorem 16. 2p . Let kn '■= k^^^^t ^ -^'^([0,^ + 1],IR) be the 
non negative function given by property WHVF3 in Definition 14. 1[ There exists a set 
N2{n, t) C [0, t] of zero measure such that, for every s G (0, t) \ N2{z, t) 

1 rs+h 



kni-s) = lim - / knir])dv- 

Let us define 

Nit) := ([Jn=iNii^,t)^U{[JZ,N,{n,t)). 

Obviously, N{t) is a subset of [0, t] of zero measure, independent of z. We are going to 
prove that for all s G (0, t) \ N{t) the following limit 

(p{z,s + h,t) - (p{z,s,t) 
h-*o h 

exists uniformly on compacta of D. 

First of all we show that for every s G (0, t) \ N{t) the family 

^s,t ■■= {Fh := T{^s+h,t - ^s,t) -.O <h<t-s or - s < h < 0} 
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is a relatively compact in Hol(D, C). To this aim, we consider two cases: {a) < h < t — s; 
(6) ~s < h<0. 

Case (a): Fix r G (0, 1). Let n G N be such that r„ > r, and let Pn G (0, 1) be such 
that Pn > Rn- Set Zh '■= f{z, s,s + h). Then, for every \z\ < r, the point Zh G A„ and 



\Fk{z) 



- {ip{z, s + h,t) - (fiffiz, s,s + h),s + h, t)) 



7^ [ ^iC,s + h,t)(-^--^) 



d^ 



1 



-(0,Pu) 

\z- Zh 



h {Pn - rn){Pn - Rn) 



Pn 



Setting C:=C(r,t) = ^ 

{pn-rn){Pn- Rn) 

that there exists C > such that 



> and recalling the definition of An, we have 



\Fh{z)\ < C^\^{z,s,s + h) - z\ = C^ 



s+h 



Gi^iz,s,0,OdC 



<C 



h 



s+h 



kniOd^ <C < +00, 



where the last inequality follows from s ^ N2{n,t). Hence, sup{|Fft(2;)| : \z\ < r, < h < 
t — s} < +CXD as wanted. 

Case (6): the proof is similar to that of case (a) and we omit it . 

Now, arguing as in the last part of the proof of part (1) of Theorem 16.41 we can see that 
lim/i^o(v(^; s + h,t) — {p{z, s, t))/h exists for all s G (0, t) \ N(t) uniformly on compacta 
of D, concluding the proof of (1). 

(2) Fix t > 0. Let A^^i C [0, +cx3) be the set of zero measure given by Theorem 16.41 (1) 
such that ■^{z,0,u) = G{(p{z,0,u),u) for all u G (0, +cx3) \ Ni and for all z G D. Let 
N2 := A'"2(t) C [0,t] be the set of zero measure prescribed by part (1) of this theorem. 

Let A^ := Ni U N2- Differentiating with respect to u the identity ip{z,Q,t) = 
(p{(p{z, 0, u),u, t), for 2; G D and m G (0, t) \ A^ we obtain 

= ip'{(p{z, 0, u),u, t)-Q-iz, 0, u) + -K-{<^{z, 0, u),u, t) 

= (p'{(p{z, 0, u), M, t)G{(p{z, 0, u),u) + -^{(fiz, 0, u), u, t). 

Therefore ip'{w,u,t)G{w,u) = —-^{w,u,t) for all w = ip{z,0,u). Since the cpo^uS are 
univalent, the identity principle for holomorphic maps implies the result. D 

Now we are going to show that the Tg appearing in the Berkson-Porta type decomposi- 
tion formula for Herglotz vector fields are related to Denjoy- Wolff points of the elements of 
the associated evolution families as in the classical Berkson-Porta formula for semigroups: 
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Theorem 6.7. Let {<fs,t) be an evolution family of order d > 1 in the unit disc, let G{z,t) 
be the Herglotz vector field of order d> 1 which solves (11.21) and let 

G{z, s) = {z- r,)(77z - l)p{z, s), zeB, s> 0, 

be its Berkson-Porta type decomposition (11.31) . Let Z := {s & [0, +oo) : G{-,s) ^ 0}. 
Then for almost every s & Z there exists a decreasing sequence {tn{s)} converging to s 
such that fs,tn(s) ^ idfl and, denoting by T{s,n) the Denjoy-Wolff point of ips,t„(s), it holds 

Tg = lim T{s,n). 

Proof. By (16. 2p there exists a set of zero measure M C [0,+cxd), such that for every 
s e (0, +oo) \ M there exists a strictly increasing sequence of natural numbers {nk{s)} 
such that, defining 

fk{z, s) := nk{s){if{z, s, s + l/nk{s)) - z), 

it follows that G{z, s) is the uniform limit on compacta of D of the sequence {fk{,z, s)}. 
Note that by the classical Berkson-Porta formula, G(-,s) G Gen(D) for s > fixed and 
also fk{-,s) G Gen(©) for s > fixed and all A; > (see Section 2). 

Fix s E Z\ M. Therefore there exists m(s) G N such that </?(■, s,s + l/nk{s)) ^ ido) and 
fk{-,s) ^OioT k> m{s). 

We claim that {s + I / nk{s)} k>m{s) is the sequence (which we relabel {tn{s)}) we are 
looking for. Let r(s, k) be the Denjoy-Wolff point of (ps^s+i/nk(s)- 

We claim that BPT-{fk{-,s)) = T{s,k), for all k. Once this is proved then the result 
follows at once from Proposition 12.11 

In case r(s. A;) G D then clearly /fc(r(s, k),s) =0 and hence BPr{fk{-, s)) = r(s, k), as 
wanted. 

In case T{s,k) G dlD), then Z\imz^T-(^s,k) fk{z, s) = 0, so T{s,k) is a boundary critical 
point for the generator fk{-,s) (see [9] for further details about critical points). Bearing 
in mind that r(s, k) G 9D is the Denjoy-Wolff point of ips^s+i/n,,(s), we have that 

Z lim ip'{z,s,s + l/nk{s)) e {0,1]. 
Hence 

Z lim fl{z,s) =nk{s) i Z lim ip'{z, s, s + l/nk{s)) - l] e [0,+oo). 

z^T(s,k) \ z^T{s,k) J 

According to [_9j, this implies that BPr{fk{-, s)) = t{s, k), as needed. D 

7. Evolution families with a common fixed point 

Theorem 7.1. Let {(ps,t) be an evolution family of order d > 1 of the unit disc with 
Berkson-Porta data {j>,t). Suppose that T{t) = t E "5]) is constant. Then there exists a 
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unique locally absolutely continuous function A : [0, +00) -^ C with X' G Lf^^{[0, +00), C), 
A(0) = and Re A(t) > Re A(s) > for all < s < t < +00 such that for all s < t 

<,(r)=exp(A(.)-A(t)). 

Moreover, if t &3, then 

A(t) = (l-|Tn f p{T,Od^ forallt>0, 
Jo 



while, if T E dB>, then 

m = 







* / 2|r-2pp(i+^,n 

Z lim !~ d^ for all t > 0. 

z^T 1 — \zr 



Proof. Case r G D. Firstly, we assume that r = 0. We write A(t) = /^^(O,^)^^ for all 
t > 0. Fixed s < t we have only to prove that ^'^^(O) = exp(A(s) — A(t)). 

Claim 1. For all z E 3 and for all < s < t, the function [s,t] 3 ^ 1— > p{(fs,^{z),C,) 
belongs to L'^{[s,t],C). Moreover, 



(7.1) y^sA^) =2:exp ( - / p{^sd^),OdU ■ 

Assuming the claim, since v^'^ j(0) = lim^^o '^^' , by (17.11) we are left to prove that 

(7.2) hm / p{^sA^),Od^ = [ p{0,OdC 

Fix ^. If Rep(2;, C) = ^ fo^' some ^ G D then p{-, ^) = ia^ for some a^ G M. If Rep(-, ^) > 0, 



the holomorphic map 
point zero. Then 



9 2 ^— s> 



p(z,0-p{o,0 
p(^,0+p(o,5) 



sends the unit disc into itself and fixes the 



\p{z,0 -p(o,OI < kl p(^,0 +p(o,0 < klb(^,OI + klb(o,OI 

2\z\ 



<bl^^b(o,OI + klb(o,OI 



b(o,OI 



1 — |z| 1 — \z^ 

where in the last inequality we have used [20], pages 39-40]. Therefore, 

1 - \Vs,ii{Z)\ 1 - \Z\ 

Since the function [s, t] 3 C, \-^ p{0, ^) belongs to L'^{[s, t], C), we have 

2\z\ 



p{^,,^{z),Od^- f p{0,Od^ 

J s 



< 



b(o,Ol^e 



and (17. 2p follows from the dominated convergence theorem. 
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In case r G D\{0}, we conjugate {ifs,t) with the automorphism ip := fzf^- The evolution 
family {4's,t) {deHiaed by 4's,t '■= i'°fs,t°4') has Berkson-Porta data ((1 — |rp)p('?/'(z), t), 0). 
Since v^st(r) = ipiti^), the result follows from the previous case. 

Case T G (9D. Conjugating with the Cayley transform Tt- : z \-^ ^^, we define a family 
(j)s,t '■= Tj. o (^^ J o T~^ of holomorphic self maps of HI := {w G C : Rett; > 0}. For w G H 
and t G [0,+oo) we let P{w,t) := 2p{T-^{w),t). 

Claim 2. For a// w G H and for all < s < t the function [s,t\3 ^^ ^^S^'l^j'^^ ^ 
L'^([s,t],C). Moreover, 

(7.3) Re (/), i(w) = Rewexp( [ P'^-P('^^.g(^U) ^A j^^ «// u; G H 

Vis Re0s,5(w) / 

anc? oo zs i/ie Denjoy- Wolff point of (f)s,t- 

We assume that Rep(t(;,^) > for all w and for all .^ > (leaving to the reader the 
obvious modifications in case Rep(-,^) = a^i, a^ G M for some ^). By the Julia- Wolff- 
Caratheodory theorem (see, e.g., [I]), the number 

A«) := i„f /5i^(M) . ,, e hU Z Mm ^(^ = Z lu„ ^^^f^-^) 



Rew J w)-^oo u; ui^oo Rew 

is well-defined for all ^. Moreover, the function ^ G [0, -|-oo) ^— i> A(^) is measurable since 
A(^) = lim„_»oo " and ^ i-^ P{w,^) is measurable for all w G H. In addition, since 
[0,+oo) 3 ^^ Re P(1,0 belongs to Lf„^([0,+oo)) and < A(0 < Re P( 1,0, we conclude 
that the function [0, +oo) 3 C, ^-^ \{C,) also belongs to Lf^^{[0, +oo)). 
By (El 

,.w.^-l_ K^ R^'^mH.^/k^ /'*ReP(0.,^(n),O 



lim ^ = exp lim / — ' d^ 



Now, for all fixed n &N 

Thus, J^ A(0(i^ < lim„_^+oo /^ ^Rel" m "'^- Moreover, since cx) is the Denjoy- Wo Iff point 
of the function 0^ j we have that Re(f)s,t{i^) > n and, by \2T, (3.2)] and [201, pages 39-40] 
we have 

ReFGM!M<?i£(!!d)<4RaP(U). 

Re0s,g(n) n 

Then, the sequence of measurable functions [s, t] 3 ^ t-^ ^"' ' is uniformly bounded by 
a Lf^^{[0, +oo))-function and converges pointwise to A. Thus, the dominated convergence 
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theorem shows that 

n J^ Re(j)s,^{n} n J^ n A V " n J J, 

Summing up, we have ^'g^ti'^) = exp f — /_, A(^)(iM as wanted. 

Now, we are left to prove Claim 1 and Claim 2. 

Proof of Claim 1. Fix z and < s < t < +oo. Since the function ^ i— ;> p{z,^) is 
measurable and ^ ^-^ ips,£,{z) is continuous by Proposition I3.5[ it follows that the function 
[s,t] 3 C, ^-^ p{lPs,^{z),^) is measurable. Moreover, for all ^, by [201 pages 39-40], we have 

Therefore, the map [s,t] 3 C, \-^ p{Lps,^{z),^) G L'^{[s,t],C). Hence, the function 
0(m) := zexp (^— J^ p{{ps^^{z),^)d^) is absolutely continuous in [s,t] and 0'(u) = 
—(l){u)p{(ps,u{z),u). Assume that 2; 7^ 0. By (16.41) and (14. 7p . recalling that r = 0, it 
follows '^'''^^^' = —(pg^uiz)p{(ps,uiz),u) almost everywhere, thus 



du 

d f (f){u) 



= 



du \ips,u{z), 

for almost every u G [s, t] (notice that since ips^u is univalent then (p~u{0) = and the above 
quotient is well-defined for 2; 7^ 0). Therefore, there exists c such that '^s,u{z) = ccpiu) for 
all u. But, ^s,s{,z) = z and 0(s) = z. Hence, c = 1 and the claim is proved. 

Proof of Claim 2. A direct computation shows that equation (16.41) translates to HI in 

(7.4) ^ = P(^„,(„).«). 

which holds for almost every t and every w G H. 

Fix w and < s < t < +00. Since the function ^ 1-^ P(w,^) is measurable and 
C I—*- 0s,^(2;) is continuous by Proposition 13.51 the function [s,t] 3 C, y-^ P{(j)s,^{z),^) is 
measurable. Moreover by the distortion theorem for Caratheodory functions (see [2T]). 
for each ^ G [s,t], 

Re0^,g(w) {Re(j)s,i^{w)y 

Fix a compact set K in H. By Lemma \3M the set {(f)s,^{w) : w E K,C^ E [s, t]} is compact 
in H. Since the function [s,t] 3 C, ^-^ ReP(l,^) G L''-{[s,t],C), equation (17. 5p shows that 

Re(j)s,^{w) 
belongs to L^([s,t],C). 
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Hence, the function (f){u) := Rewexp (/" ^Rel'' m "■^) ^^ absolutely continuous in 
[s,t] and (f)'{u) = 0(^) '^'Ri£'lS'"^ fo^ almost every u G [s,t]. By (ES]) 

9 1^ 0(m) \ _^ 



for almost every u G [s,t]. That is there exists c such that Reips^uiw) = c(f){u) for all u. 
But, Re0s,s(w) = Rew = 0(s). That is, c = 1 and the claim is proved. D 

Corollary 7.2. Let {fs,t) be an evolution family of the unit disc with Berkson-Porta data 
{p,t). Suppose T is constant. Then for all < s < t < +oo either t is the Denjoy-WolfJ 
point of {Lps,t) or Lps,t = id. 

Proof. It follows at once from Claim 1 and Claim 2 in the proof of Theorem 17. 1[ D 

Our next result shows that a nice behavior of the derivative at the common fixed point 
T allows us to replace the topological property EF3 in the definition of evolution family by 
a much weaker hypothesis. In order to understand the naturality of our hypothesis on the 
first derivative at the Denjoy- Wolff point, we remark that if {^Ps,t) is an evolution family 
on the unit disc with common Denjoy- Wolff point r G D, then by univalence, (/Jq ^(r) ^ 
for all t > 0. If r G d3 then the same (as angular limit) is true by the classical Julia 
lemma (see, e.g., [1]). 

Theorem 7.3. Let {if.s,t) be a family of holomorphic self-maps of the unit disc having 
a common Denjoy-Wolff point r G D. Assume that {fs,t) satisfies EFl and EF2 and 
V9Qj(r) ^ for allt>0. Then the following are equivalent: 

(1) (v^s,*) is an evolution family of order d > 1. 

(2) The following properties are satisfied: 

2.1 the map [0, +oo) 3 t \—>- fi{t) := y9g^(r) is absolutely continuous and fi' G 
Lf„,([0,+oo),M), 

2.2 If T E dD, there exists a point zq E J]) such that for all T > there exists a 
non-negative function kzQ,T G L'^([0,T],M) such that 



J u 

for all < s < u < t < T. 

Proof. By Theorem 17. II and the very definition of evolution family, (1) implies (2). 

Conversely, suppose (2) is satisfied. Again we have to split up the inner and boundary 
cases. 

Firstly, suppose that r G D. Up to conjugation, we may assume r = 0. Fix < T < +oo. 
Since fi(t) ^ for all t, there exist two absolutely continuous functions a, h : [0, +oo) — > R 
such that /i(t) = e"W+*^W for all t and a', h' G ^^([0, +oo), M). 
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By the chain rule for derivatives, V'sj(t) = /i(t)//i(s) for all < s < t < +00 and since 
lv^st(0)l = l/^(^)//^('5)l = e"^*)"'^'^'^^ < 1, the map a is decreasing. 

Let hs,t{z) := ^(^')'-mJ)) for z G © \ {0} and /i,,t(0) := e'^W-"^^) for all < s < t. The 
map hs^t is holomorphic and Re (1 — hs^t) > 0. Therefore, by [20], pages 39-40], 



1 - hs,t{z)\ < r-r 1 - hs,t 

1 — \z\ 



n _ g«(t)-a{s)) 



-a(s)(^ga(s) _ ^aitjs^ ^ -*- + 1^1 ^-a(T) j^^a(s) _ ga(t)^ 



1- fI 

whenever z G © and < s <t <T. 

Now, fix 2; G D and 0<s<u<t<T. On the one hand, if (ps^u{z) = 0, then 

On the other hand, if w := '^s,u{z) 7^ 0, then 



< \i-KAw)\ + 

1 + \w 



1 



'^u,t[^) 



W 



W 



,i{b{t)-b{u)) 



< 



< 



In any case, we have that 
Then, the function 



1 — \w 
l + \z\ 
1- \z\ 

1 + bl 



g-a(T)/ga{n) _ ^a(t)\ _^ yi.b(t) _ gjfe(«) I 



^-a{T) (^^aiu) _ ga(i)N _^ \^ib{t) _ ^ib{u)\ 



(,-<T) n^a{u) _ ^a{t)^ _^ \ib{t) _ ^iKu)\\ _ 



I— \z\ at, 



belongs to L^([0,T],C)) and 



Iv5s,«(2) -V5s,t(2)| < / hAOd^ 



proving the result in this case. 

Next, suppose that r G 83. Again by the chain rule for angular derivatives, ip'^^{T) = 
li{t)/ ix{s) for all < s < t < +00 and, since v^st(r) G (0, 1], it follows that < /i(t) < 
ix{s) < 1 for all < s < t. Without loss of generahty we assume zq = 0. Again, we 
move to the right half-plane by means of the Cayley transform Tr given by Tt-{z) = ^^ 
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and we let {4>s,t) be the family of holomorphic self-maps of the right half-plane given by 
Tt o ifs^t o T^^ for all < s < t < +cxd. The Denjoy- Wolff point of (f)s,t is cxd with 

:^tiw) - ij^w] > for all w eM. 



'->s,t ■- 



multiplier l/yj^, j(r) = fi{s)/fi{t). Thus the function Re 
Then, by ^ pages 39-40], 

lif + ll + lit? — ll 



/i(s) 



< 



Iw + ll — |U7 — ll 



'^s,t 



'D- 



fi{s) 



fiit) 



Therefore, 



\W - (j)s,t{'^)\ < 



fx{s) 



flit) 



\w\ + 



\w 



11 



11 



0m(1) 



/i(s) 



flit) 



\w + l\ — \w — l\ 

Fix < T < +CXD. By hypothesis and arguing as in the proofs of Proposition 13.51 and 
Lemma [3.61 there is a number R such that |(/9s,j(0)| < R for all < s < t < T and then 
the set {(f)s,ti^) :0<s<t<T}isa compact subset of the right half-plane. 

Now fix w G H. If < s < t < T, then pn i(ps,ti'^)y 0s,t(l)) < Pm (w, 1). Hence there is 
a compact set i^ in HI such that 4's,tiw) G K for all < s < t < T. Therefore there exists 
M > such that 

■ + 1\ + Us.tiw) - 1\ 



max 

0<s<t<T 



:,i W^ 



■'s,t 



W 



Fix < s < M < t < T. Write v = (p 

<Ps,M\ = Iv - (Pu,ti^)\ < 

fiiu 



s,tiw) + l\- 

.,Jw). Then 



■'s,t 



w) 



<M. 



(w 



fiiu) 



<M 2 



<M 



<M 



1 



flit) 



flit) 



''u,t\ 



\KT) 
2 



\fiit) - fiiu)\ + 



\fiit) - fiiu)\ + 



V + 



\vu,m\ 

1 



\v+l\ + \v- 1| 

|f + 1| — |f — 1| 



0.,t(l) - 



fiiu) 



flit) 



vu,m\ 



From this inequality, one can easily finish the proof arguing as in the previous case. 



D 



Remark 7.4. We point out that hypothesis 2.2 is not needed in case t E Ji. While, 
in case r G 9D hypothesis 2.2 in Theorem 17.31 cannot be removed. Indeed, the family 
'^s,tiz) = T~^ iTiz) + zc(s) — ■ic(t)) where c is a continuous function from [0, +cx3) into 
M which is not absolutely continuous and Tiz) = j^ satisfies EFl, EF2 and 2.1 (being 
/i = 1) but it is not an evolution family. 

Classically, evolution families that comes out from Loewner types equations are those 
iVs,t) with a common fixed point and such that v'oj(O) = e~* (see, e.g., [17], [T9], [20] . 
and [21]). The above result shows why it is not necessary to assume EF3 in this classical 
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case: it follows automatically from the normalization hypothesis on the first derivative 
at 0. 

We end up this section with a technical result which better relates the classical definition 
of evolution family with the definition introduced in this paper. 

Proposition 7.5. Let {fs,t) be an evolution family on the unit disc. Then for all r < 1 
and for all T < +oo, the set of functions {[0,T] 3 t ^-^ 'Po,t{z) & Bi : \z\ < r} is uniformly 
absolutely continuous. 

Conversely, assume {<fs,t) is a family of holomorphic self-maps of the unit disc which 
satisfies EFl and EF2 and has a common D enjoy- Wolff point t Eli. Assume moreover 
that y:>Qt{T) 7^ for all t > 0. If for all r < 1 and for all T < +oo, the set of functions 
{[0,T] 3 t \-^ Vo,t{^) G D : |z| < r} is uniformly absolutely continuous then {(ps,t) is an 
evolution family. 



Proof. By Lemma [3.6[ there exists R > such that |y9s,t(^)| < R for all < s < t < T 
and \z\ < r. Let G{z,t) be the Herglotz vector field which solves (II ■2p . and let kji^T £ 
L^{[0, T],R) be the function given by WHVF3. Then 



n n 

sup Y^ IfO^b.iz) - fO,a,{z)\ = sup Y^ 



bk 



<sup5^/ \GiipoM,0\d^ 

k=i -^"fc 

Conversely, assuming r = 0, it is not difficult to see that the absolutely continuity and 
Cauchy formula imply that [0, +oo) 3 t \-^ f'oti'^) is absolutely continuous. Hence the 
result follows from Theorem I7.3[ D 

8. Evolution families with a common boundary fixed point 

In this section, we concentrate in the study of evolution families (v^s,*) with Denjoy- Wolff 
points a constant r G d3. 

As we have remarked in the introduction, this case is much more complicated and apart 
from a couple of papers due to Goryainov and Ba [12] ,[I3], there are no references till 
the end of the nineties where a series of paper of G.F. Lawler, O. Schramm, W. Werner 
and Bauer appeared [25], [15], [16], [2]. 

As usual, when the Denjoy- Wolff point is at the boundary, it is better to translate to 
the right half-plane. Let EI := {w G C : Rew > 0} be the right half-plane. As a matter of 
notation, we say that a family {4>s,t) of holomorphic self-maps of EI is an evolution family 
of order d > 1 if there exists a biholomorphic map T : EI — > D such that (T o 0^ j o T~^) is 
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an evolution family of order d in D. Similar definition are given for Herglotz vector fields 
and Herglotz functions. 

Translating Theorems 16.21 and 15.21 to the right half-plane, we can state the following 
result 

Theorem 8.1. Let {4>s,t) be a family of holomorphic self-maps of the right half-plane H. 
Then {(t>s,t) is an evolution family of order d> 1 in the right half-plane with oo as common 
boundary fixed point if and only if there exists a Herglotz function P{w,t) of order d in 
the right half-plane such that, given s > 0, there exists a set M = M{s) C [s, +00) (not 
depending on w) of zero measure such that, for every t G (s, +00) \ M and every w eM., 
it holds that 



dt 



P{(ps,tH,t). 



Let P be a Herglotz function of order d > 1 in the right half-plane. For all s > and 
w G H, let ips^w be the solution of the problem 

w{t) = P{w{t),t) for a. e. t e [s, +cx)) 
w{s) = w. 

Then defining (pa^tiw) := ips,w{t) for all < s < t < +00 and for all w G H, the family 
{(ps,t) is an evolution family of order d in the right half-plane with 00 as common boundary 
fixed point. 

From the very beginning of this century, there have been many authors interested on 
a very particular case of Herglotz functions in the right half-plane (see, [25], [18], [23]). 
Namely, let h : [0, +00) — >■ iM be a measurable function (in fact, those papers always 
assume that h is continuous). Then P{w,t) = ^Xr^-^ is clearly a Herglotz function in EI 

of order 00 since \P{w,t)\ < ^^ for all ty G EI and t > 0. Moreover, it is clear that 

Z lim ^'^'^' = for all ^. Therefore, by Theorem 18. ![ if (0s,t) is the evolution family in 

lU— »oo ^ 

the right half-plane with Herglotz function P, then all the functions 0s,t are parabolic, 
that is, Z lim ''^"'-^ = 1. By Claim 2 in the proof of Theorem 17. H we have that for all 
w G H and for all < s < t, the function 



[s,t]3^ 






belongs to L°°([s,t],C) and 



,t{w)=wexp{ I :^^^^iiMlilde ) ioiaWwEM. 
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Now, write k{w) = / I'^'^fwi '^ ^^^ ^^^ w eM. Bearing in mind that (pg^^ is a parabolic 

J s 

function with cxd as Denjoy- Wolff point, if z/; G EI fl M, then 

\4>s,i{w)\ > Re(f)s,^{w) > w. 
Therefore, 



w 



< 1 



for all ^ and lim w ," , { = 1. Then, by the dominated converge theorem, we 
have 

t — s= lim w'^k(w) = lim w"^ (e'^^^' — l) = lim u;((7!)5t(u^) — u^)- 

Thus, by Lehto-Virtanen theorem, we obtain 

Z lim {(ps^tiw) — w) = and Z lim wi^cps^tiw) — w) = t — s. 

That is, 

t — s 

(t)s,t{w) = w H h 7s,t(w) 

w 

where Zlim^^oo'W^7s,t('U^) = and the functions of the evolution family satisfies the so 

called hydrodynamic normalization. Following the terminology introduced by the last two 

authors and Pommerenke in [10], this means that if (v^s,*) is the corresponding evolution 

family in the unit disc with fixed point r, then there exist the second and third angular 

derivatives of ips,t at r and, in fact, ^"stij) = and ^"Jtij) = |(s — t)r^. 
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